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GENERALIZED SELF-INTERSECTION LOCAL TIME FOR 
A SUPERPROCESS OVER A STOCHASTIC FLOW 

By Aaron Heuser 

National Institutes of Health 

This paper examines the existence of the self-intersection local 
time for a superprocess over a stochastic flow in dimensions d < 3, 
which through constructive methods, results in a Tanaka-like repre- 
sentation. The superprocess over a stochastic flow is a superprocess 
with dependent spatial motion, and thus Dynkin's proof of existence, 
which requires multiplicity of the log-Laplace functional, no longer 
applies. Skoulakis and Adler's method of calculating moments is ex- 
tended to higher moments, from which existence follows. 

1. Introduction. Superprocesses (or critical branching particle systems), 
originally studied by Watanabe (1968) and Dawson (1977, 1993) were first 
shown by Dynkin (1988) to have a self-intersection local time (SILT). In par- 
ticular, Dynkin was able to show existence of the self-intersection local time 
for super Brownian motion in W^, d <7, provided the SILT is defined over 
a region that is bounded away from the diagonal. When the region contains 
any part of the diagonal, through renormalization, the SILT for super Brow- 
nian motion has been shown by Adler and Lewin (1992) to exist in d < 3, 
and further renormalization processes have been found to establish existence 
in higher dimensions by Rosen (1992) and Adler and Lewin (1991). In re- 
gards to non-Gaussian superprocesses, the SILT has been shown to exist for 
certain a-stable processes by Adler and Lewin (1991), and more recently, 
encompassing more a values, by Mytnik and Villa (2007). Of important 
note, as the L^-limit of an appropriate approximating process, Adler and 
Lewin have shown the existence of a class of renormalized SILTs (indexed 
on A > 0) for the super Brownian motion in dimensions d = 4 and 5 and for 
the super a-stable processes for d € [2a, 3a). As one removes Dynkin's re- 
striction of bounding away from the diagonal, a singularity arises from "local 
double points" (i.e., /i^ x fJ-t where t = s) of the process; cf. Adler and Lewin 
(1992). The true self-intersection local time should not be concerned with 
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such local double points, and thus a heuristic approach to renormalization 
is naturally observed in the construction. It should be noted that though 
this is the method used in Adler and Lewin (1991, 1992), a quite different 
method for renormalization was developed by Rosen (1992). Both methods 
are legitimate renormalizations, and lead to existence in equivalent dimen- 
sions, but for this paper, due to the natural occurrence of the term involving 
local double points, the initial of the two methods will be employed. More- 
over, the real beauty of this constructive proof of existence, as seen in Adler 
and Lewin (1991, 1992), is that the aforementioned approximating process 
is "Tanaka-like" in form. Thus the limit gives a (quite simple) "Tanaka-like" 
representation for the renormalized SILT. 

Quite often, as in the case of Skoulakis and Adler (2001), interaction 
occurs between particles within the system. Thus, a major drawback in 
each of the previous superdiffusions is the requirement of independent spa- 
tial motion. Existence as a weak limit of a branching particle system, and 
uniqueness as the solution to a martingale problem, of the superprocess 
with dependent spatial motion (SDSM), as a measure- valued Markov pro- 
cess with state space M(M),was shown by Wang (1998). It was later shown 
by Dawson, Li and Wang (2001) to exist uniquely as a process in M(M), 
and was then extended by Ren, Song and Wang (2009) to M(M'^). Skoulakis 
and Adler (2001) suggested a different model incorporating dependent spa- 
tial motion by replacing the space-time white noise of Wang's SDSM with 
a Brownian flow of homeomorphisms from M"' to M"', which was referred to 
as a Superprocess over a Stochastic Flow (SSF). 

As of yet, very little work has been done with regard to the self-intersection 
local time for superprocesses with dependent spatial motion. Of important 
note is the work of He (2009), in which the existence of the SILT for a super- 
process with dependent spatial motion, similar to the model of Wang, but 
discontinuous, is shown to exist in one dimension as a probabilistic limit. 
Though this was known to be true, since the local time of the superprocess 
with dependent spatial motion was known to exist in one dimension [cf. Daw- 
son, Li and Wang (2001)], He was able to give a similar "Tanaka-like" repre- 
sentation for the SILT. This paper will investigate the existence and further 
properties of a generalized SILT for the d-dimensional SSF, where the gen- 
eralization refers to the shift of the support of the Dirac measure away from 
the origin, to a point u € M'^. Note that if Xt is a Markov process, then Yt = 
Xt + u is a second, dependent Markov Process. The generalized SILT at u can 
be realized as the intersection local time of the Markov processes Xt and Yj. 

2. Preliminary definitions. The SSF is constructed as the weak limit of 
an M.'^ branching particle system. Much of the work that will follow involves 
using properties of the branching particle system, and thus we will briefly 
review this construction. This section follows very closely to the work of 
Skoulakis and Adler (2001), and the reader is referenced to this work for 
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further questions. We will let M'^ = R"^ u {A} denote the one-point (Alexan- 
droff) compactification of M'^, where A denotes the "cemetery." We extend 
measurable functions (p G B{M.'^) to I3{M.'^) by setting (/'(A) = 0. 
Let N = {1,2,...} and set 

I = {a = {ao,ai,...,aN)-N> 0,ao eN,ai G {0,1}, 1 <i<N}, 

and for any a = (uq, . . . , oat) € /, let \a\ = N and a — i = {oq, • • • , a\a\-i)- 

In addition, we will write a ~n t exactly when t € [^, ^°|^"^ )- Let M(n) 
be the number of particles alive at time zero, where the spatial position of 
each particle is written as (x", X2 , ■ . ■ , ^J^j^^)), and define the initial (atomic) 
measure by 

M{n) 
(n) A c 

i=l 

For each n G N, {5°'" : oq < M{n), \a\ = 0} is defined to be a family of in- 
dependent Brownian motions, stopped at time t = n~^, with Bq'" = x]!^^. 
A recursive definition then gives a tree: for each A; S N, let {i?"^'" : qq < 
M{n), \a\ = /c} be a collection of M'^ valued Brownian motions, stopped at 
time t = (|a| + l)n~^ , and conditionally independent given the c-field gen- 
erated by {S"'" : ao < M{n), \a\ < k} and for which 

= , t < \a\n 

In regards to branching, for n € N let {A^°'" : ao < M(n)} be a family of 
i.i.d. copies of Nn, where is an N- valued random variable such that 

Note that it is implicit in the above that the branching is assumed to be 
binary, and that for each n € N, 

EA^n = 1, 

EiV^ - {KNnf = 1 

and 

Moreover, it is assumed that the families {i?"'" : < M(n)} and {A^"'" : oq < 
M{n)} are independent. 

The final component is that of the stochastic flow. Let 6 : M*^ — ?> and 
c:W^ ^ M{d,m), where M{d, m) is the space of d x m matrices, m G N, 
satisfying the following: 

(i) the global Lipschitz condition 

\b{x) - b{y)\ + \c{x) - c{y)\ < C\x - y\ 

for any x,y G W^; 
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(ii) the linear growth condition, 

\bix)\ + \cix)\<C{l + \x\) 

for any x € M*^; 

(iii) for all i = 1,2, . . . ,d, j = 1,2, . . . ,m, hi and Cij are bounded with 
bounded and continuous first and second partial derivatives. 

Assume that t ^ F^^^{x) is the solution of the stochastic differential equa- 
tion 

dYt = c{Yt)dW[', Ys = x, 

for all t> s and x E M*^, where W"' is a M'^-valued Brownian motion, inde- 
pendent of the families and {iV"'"}. This defines a unique Brownian 
flow of homeomorphisms from M'^ ^M*^ [Skoulakis and Adler (2001)]. 

Set an = and /c„ = kn~^. Then the tree of Brownian motions over the 
flow is given by the family of processes y"'"-^ defined in the following way: let 
ct ~n kn for some A: G N. Over the time interval [0, A;„ -|- an], V^'^ is defined 
to be the solution of the d-dimensional stochastic differential equation, 

dYt = biYt)dB^''' + ciYt)dWr, 

Note that existence and strong uniqueness of the aforementioned solution 
is ensured due to the assumed conditions on b and c. Now set Yf'^ = Yt'^„ 
for t> kn + an and note that due to construction, 

-^Q,n Ya—l,n 

foTO<t<kn, keN. 

We now define the stopping times r"^'" as follows: for each a I, let 

'0, ifao>Kn, 
min|^^^:0<i< |a|, iV"'''" = o| , if not and ao<M{n), 

— ^, otherwise. 

n 

The stopped tree of processes, with branching, is the family of processes 
defined by 



* ~ ' A, t> r"'". 



The measure-valued process for the finite system of particles is 
(„) #{a~^^XrG^ 

for U G B{W^), where for a topological space E, B{E) denotes the a-field of 
Borel measurable sets in E. 
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We define the corresponding filtration J-"" by 

^ iV"'" : \a\ <k)V a{W2 : s < t) V cj(S,"'" ■.s<t,\a\ = k) 

for t G [kn, kn + ttn), k = 0,l,.... 

Let C^(E) be the space of continuous functions on E having continuous 
partial derivatives up to order k, and for </> G C^{R'^) let 



For (/) € C^(]R'^) define the second-order operators L and A by 

1 



2 



and 

where 
and 



(A(/))(x,y) = ^ aij{x,y)dicl){x)dj<j){y), 
aij{x,y) = 6ijbi{x)bj{y) + aij{x,y) 

m 

(^ij{x,y) = '^Cii{x)cje{y), 

e=i 

x,yeR'^, i,j = l,...,d. 

Furthermore, for each re G N, (/> G C^(ffi"'^'^) define the second-order oper- 
ator L" by 

^ n d 

(2) = 2 E E ^*'^(^)' 

p,g=i«j=i 

where 

X = (xi, . . . , Xn), Xp G M'^, p = 1, . . . , re, and 

For any operator j4 on a Banach space ;B, such that Acj) = linit^o {Ttcj) — (j)} 
for some semigroup Tt, we will denote by 'D{A) C B the domain of A. That 
is, 

pM) = /0G^:limt-Urt</>-</>} exists), 
where the limit is in the strong sense. 
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Assumption 2.1. For the remainder of this paper, the assumption will 
be made that L is uniformly elliptic. 

For each A; € N we will denote by Cq(M'^) the subspace of functions 
in C^iW^) which vanish at infinity. 

For any topological space let Mf{E) denote the space of finite Borel 
measures on E, C£;[0,oo) the space of continuous paths in E and for any 
^ G N, Cj^{M.'^) the subspace of C^(R'^) for which the elements have compact 
support. 

Endow Dj^-f^^jjd) [0, cxo) with the topology of weak convergence, 

that is, fi^"'^ G Dj^j^(^d-^[0,oo) converges to ^ G Dj^j^^j^d) [0, oo) provided 

lim„_^oo(0, Ai^"^) = for any (p G Cb(]R'^), and let =^ denote weak conver- 

gence. In addition, for any /x G Mp{E) and ^ G N, denote by /i^ the product 
measure x /x x • x /i G MpiW-^'^). Under these assumptions, and Assump- 
tion 2.1 upon L, we arrive at the following theorem. 

Theorem 2.2. Let fi^"-^ be defined as above with /1q"^ =^ jiQ, then 
where ^ G Cj|,/^(-]gd) [0, oo) is the unique solution of the following martingale 



JO 

is a continuous square integrable {T^} -martingale such that Zq{(I)) =0 and 
has quadratic variation process 



Proof. See Theorem 2.2.1 in Skoulakis and Adler (2001). □ 

Assumption 2.3. For the remainder of this work, it will be assumed 
that /io £ Afi7'(R'^) has compact support and satisfies 

Hoidx) < m{x) dx 

for some bounded m G L^{W^). 

3. Some needed lemmata. Some needed technical lemmata, will be pre- 
sented, where due to the significantly large number of calculations required, 
the proof is deferred to the Appendix. 

As in most existence proofs for self-intersection local time of a superpro- 
cess, higher moments of the superprocess are required; cf. Adler and Lewin 
(1991), Dynkin (1988). Through finding the first and second moments of the 
branching process, and passing to the limit as n — > oo [Skoulakis and Adler 
(2001)] found the first and second moments for the SSF. A variation of this 
method is employed to find higher moments of the SSF. 



problem: 

For all ^eC'^i'E.'^), 



(3) 
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Lemma 3.1. If L"" is defined as (2), then L" is the generator of the dif- 
fusion which describes the joint motion of n particles in the aforementioned 
branching particle system. 

Proof. See the Appendix of Skoulakis and Adler (2001). □ 

Lemma 3.2. For each n € N, there exists a transition function for 
the Markov process = (y/ , . . . , y^") . Furthermore, {Q"^ : t > 0}, defined by 

is a strongly continuous contraction semigroup on Cq{W^). 

Proof. Since it is assumed that Assumption 2.1 holds for L, it follows 
that for each ?i G N, Assumption 2.1 also holds for L". Theorem 5.11 in 
Dynkin (1965) then completes the proof. □ 

We denote by C°°(]R'^) the space of infinitely differentiable functions 
on W^, by C^iW^), the subspace of C°°(M"') of which the elements have com- 
pact support, by 2?'(M"') the space of distributions on C^(M"'), and by D'^u 
the ath-weak partial derivative of u. Note that a differentiable function will 
have a weak derivative that agrees with the functions derivative, and thus 
we will at times use a slight abuse in notation and write the weak derivative 
as D"" = d^' d^^ ■ ■ ■ d^" . 

We denote by Sd the Schwartz space of rapidly decreasing functions on W^, 
and the dual to Sd, the space of tempered distributions on W^, by 5^. For 
any two functions (p : Ei ^ M, tp : E2 ^ ^ denote hy (j)iS)tp the concatenation 
of (j) and ip. That is, (p^ip-.Ei x £"2 — > M is the map defined by (xi, X2) ^ 

4>{xi)lp{x2). 

Lemma 3.3. Let cj) € Sixd, then there exists {(pn '■ n £ N} such that: 

(i) <t>n = ELi </'l ® '/'^ ® • • • ® (t>l> for some G C^(M^); 

(ii) (pn converges to cp in Si^d as n — > 00. 

Proof. Taylor's theorem implies the above holds for any (p G C^(]R'^); 
cf. Rudin (1976, 1987). From Theorem 7.10 of Rudin (1973) there exist 
:n G N} C (M'^^'^) such that cp n converges to (p in Sd, and the result 
thus follows. □ 

Given <p G ;B(M('^+^)^'^), n G N, define the projection vri by 
(7riQ^(/))(xi , . . . , x„+i) = Q1<px^ (3^2, • • • , Xn+l), 
where (px{y\, ■ ■ ■ ,y-n) = (p{x,yi, . . . ,yn). 
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Given m € N, i = 1,2, . . . ,m — 1, j = 1,2, . . . ,m, i ^ j and any function 
j^mxd^]^^ define (^>,j0) : M^'^-^)^'^ ^ M by 

1 Xm—l ) 

Xl, . . . , Xi, . . . , Xj — \, Xi, Xj , ■ • ■ , Xm—l)i ^ ^ jij 7^ 

X\, . . . ,Xi, . . . , Xm—li Xi), ^ ^ ji3 — ^) 

X\, . . . , Xj — \, Xi , Xj , . . . ,Xi, . . . , Xfn—l) 1 ^ ^ J 7^ 1 ) 

Xi,X\, . . . ,Xi, . . . , Xm—l)i i ^ jij — 1 • 

Furthermore, for = {xi,X2, ■ ■ ■ , Xm), Xp S {ij, 0}, p = 1,2, . . . ,m, let 

5 Xp = ij , 
VTl, Xp = 0, 



C{x 
and 



£{xp-i) + 1, Xp_i = ij, 
£{xp-i)-l, Xp-i = 0, 

£{xo) = £ S N. Let Sm = {si,S2, - ■ ■ , Sm), Sp G [0, oo), p = 1,2, . . . ,m, and de- 
note 

The next lemma comes from Skoulakis and Adler (2001), though it should 
be noted that in the aforementioned paper the result is shown for near critical 
branching (as opposed to critical branching in this paper). This is of little 
concern though, as a modification of the original proof (making for a much 
simpler proof) gives the critical branching case. 

Lemma 3.4. Let <j),<j)i,(j)2 & andt>0, then 

(i) Efit{(p) = {Qt(b,iio) 

and 

(ii) E/itj((/>i)^t2(</'2) = {Qt^{iriQt2-ti{(t>i ^ (t>2)), f^l) 

rti 

+ / ds{Qs^l2Ql-s{T^lQt2-tii4>l(^4>2)),t^0) 

Jo 

with the convention that QQ(j) = 4'j G N. 

Proof. See Skoulakis and Adler (2001), Proposition 3.2.1 [with (1 + 
7n/n) and e^'^'^^" both replaced by 1]. □ 

Before our moment calculations, some needed definitions and lemmata 
will be presented. In what follows {S, d) will refer to a metric space, in 
which it is assumed S is separable, and p will denote the Prohorov metric 
on MpiS). 
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Lemma 3.5. // {/i^") :n > 0} C MpiR"^) satisfies ^ // e MpiM"^) 
then 

for all eeN. 

Proof. Define 

M = L = (9) 0fe : ^ > 1, (/.fc G C7k(M'^) U {!}, A: = 1, 2, . . . , 4 • 



k=l J 

From Ethier and Kurtz (1986) Chapter 3, Proposition 4.4, for any u, z^^") G 
(M*^), n= 1,2, . . . , such that nm„_,oo(</', i^^"^) = for aU (p € Ck(^'^), 

it follows that z^^") u. For any £ € N, since //'^"^ ^, lim„_^oo((/), (/i^"))^) = 
((^,/), for any = (g)Li with € C7k(M'^) or (^fc G {1}, A: = l,...,£. 
Thus, for any cj) = <S)k=i 4>k ^ hm„^oo(05 (m^"^)^) = (0) ^^)) which implies, 
by Ethier and Kurtz (1986), Chapter 3, Proposition 4.6, (fi^^'^Y =^ fx^. □ 

We denote by Ds[0, oo) the Skorohod space on S, that is, the space of all 
cadlag mappings from [0, oo) to S. Note that under the assumption that 5 
is separable, Ds[0,oo) with the metric defined by Ethier and Kurtz (1986), 
Chapter 3, (5.2), is a separable metric space. Moreover, if {S,d) is complete, 
Ds[0,oo) is complete; cf. Ethier and Kurtz (1986), Theorem 5.6, Chapter 3. 

For (j) G Cb{S) define the metric \\(j)\\bL = [[(^Hoo V sup^-^^ ^'^^dlx^)^^^ ■ ^he next 
two lemmata are essential in the moment proofs for the superprocess. 

Lemma 3.6. For k,ien, let ip -.R^ x M. in C;,(M^ x M^) satisfy 

sup^gjgfc ||^(s, •)\\bL < o.iT'd let fiQ be an a.s. finite measure having compact 

support with /Iq"^ ^ fiQ. Then 



lim 

n— ^-oo 



ri,...,rk=0 ^ ^ ^ 
'■i<-<r-fc 

dsk / dsk-i--- / dsi{'ip{s,-),fiQ) 
'0 Jo Jo 

where r = (ri, . . . , r^) and s = (si, . . . , Sfc). 
Proof. Indeed, 



0, 



r-i,...,rfc=0 
»-i<-<»'fc 
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1 



[nt]~l 



ri,...,rfc=0 
ri<---<rk 



n 



+ 



n" 



[nt]~l 

■ E 

ri,...,rfe=0 
ri<--<rfe 



n 



rt rsk rs2 
/ dsk / c?Sfc_i ■ • ■ / dsiV'Cs, 
Jo Jo Jo 



By assumption sup^ ||?/'(s, •) < oo, and thus from Ethier and Kurtz 
(1986) the first of the above terms converges to zero. Since ■0 is continuous 
and bounded, and /Uq is finite with compact support, it follows that the 
second term is also convergent toward zero. □ 



Lemma 3.7. For any (pi G C^l 



1,2,... 



'gN, 0<t <(X), 



lim E( 

n— >-oo 



Proof. Let /z^"^ = {//^"^ : t > 0} be a branching process as defined above, 
let ^ be a weak limit point of /i'-"^ and let {n^,} be the subsequence along 
which From Ethier and Kurtz (1986), Theorem 3.1, Chapter 3, 

there is a Skorohod representation for fj,,fi^^''\ /c G N. That is, there exist 
random variables X,Xi., A: G N, defined on the same probability space, such 

that X = fi, Xk = A; G N, and X^^ X a.s. as A; — ^ oo. 

e^A/^(Md)[0,oo), define PX(0,)-i 
Z)]8[0,oo) then, by dominated convergence 



For X G D^[^(^T^d) [0, oo), define WX{(f)i) ^ to be the distribution of X[(j)i) G 



lim sup 

^-^°°II^IUl=i 



i:,\{¥Xk{Pir^) - U,\{^x{ 



4 = 1 



sup |EV'(Xfc((/)i' 

k^oo ||,/,||. , 



lim 



,,Xfc(</.,))-EV(X(0i),...,X(</),))| 



I16L = 



0. 



It then follows from Ethier and Kurtz (1986) that 

/ £ t 
lim p[W¥Xk{(t)i)-\W^X{(t)i)- 



i=l 



or equivalently, 

(Xfc(0i),...,Xfe(</>,))^(X(</.i),. 
in Z)jgf[0, oo). Therefore, from Theorem 2.2, 

(^(-'=)(</.i),...,^("'=)((/.,))^(M</'i) 



.,^('A£)) 
,..,^((/>^)) 
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in Dj^i[0, oo). Thus, from Lemma A. 3. 9 of Skoulakis and Adler (2001), for i = 
1,2, fj,((pi) is continuous. Therefore, the open mapping theorem [Ethier 
and Kurtz (1986), Chapter 3, Corollary 1.9] implies that 

(^l"'^)(0i), . . . , ^ ifit{(bi), ^M) 

in R^, which further implies that 

/il"^)(0i) • A.l"^)(</>2) • ■■f^l'''\cPe) /it(0i) • f^tih) ■ ■ ■ 
in M. Note that [cf. (3.1) in Skoulakis and Adler (2001)] for any t > 0, 
E//^''^(l) = and thus {//|"^(1) :i > 0} is an J^-martingale. It follows 

from Doob's maximal inequality [Karatzas and Shreve (2000), Theorem 3.8] 
that for any T > 0, 

E sup bl")(l)]'<f^)'E[^i")(l)]^. 

0<t<T \*'-''J 

Since /ig"^ =^ fiQ, lim„^oo Mo"^(l) = Mo(l), and thus, sup„>i ^[("^(l) < oo. 

Since is the total mass process of the branching particle system, 

and is absent of influence by the stochastic flow, [filp\l)Y is equivalent 
in distribution to a total mass process with an initial M{nY particles, 

which implies E[/ii?^(l)]^ = [/u{,"^(l)]^ Thus, sup„>iEsupo<t<T[/uS"^(l)]^ < 

oo. Theorem 25.12 of Billingsley (1995) implies limfc^ooEHLi = 

^W\=il^t{(t>i)i and thus, 

lim ¥.{<j)l<^(j)2®■■■®(t>l,{^J^t^f)=^{<i)l®<i)2®■■■®<Pi,A)■ □ 

n— >oo 

In Skoulakis and Adler (2001) the first and second moment calculations 

are done via first finding E((/),^^"^) and E((/)i (8) i;^>2 ) A**^ Vl"^ ) then passing to 
the limit as n — )• oo. This works well when the number of cases to consider 
are small, but due to the rapid growth in cases to consider as the moments 
increase, the following method will vary slightly. The method first calculates 
E(0, {^JL^'^f) and E(V', (/uJ"V) for € C^(M3>«i),^ g C^(]R4xd)^ ^ > then 
passes to the limit before utilizing the Markov property to find E((^i ®(f)2® 
(j)3,Ht^fit2Hts) andK{^pl®■lp2(S>^p3'S>'lp4,Htl^J't2^J't3^J'u), where (pi,ipj € C^(M'^), 
i = 1,2,3, j = 1,2,3,4, and < ti < t2 < ^3 <t4- 

Since the calculations for the third moment are a much simpler case of 
the fourth, we present here only the derivation of the fourth moment. To 
begin, note that 

(6) E(0,(/.1"))^) = 1 E</'(>^r'",>^r'",---,^r'")Enia.,n(t), 

Olk~nt i = l 
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where lai,n{t) is the indicator on the event that the particle is ahve at 
time t. Thus, for the fourth moment, if Oi ~„ t, i = 1,2,3,4 and N = [tn], 
we will have the following cases to consider: 

(I) Each particle resides on its own tree. 
. ^ ai 

. a2 

. "3 

. ^ a4 

(II) Two particles reside on one tree, the other two reside on their own 
trees. Thus, the two particles on the common tree share a common 
ancestor /? with = r and r £ {0, 1, . . . , — 1}. 

. . ^ ai 

. . 02 




Q4 



(III) Two particles reside on one tree, the other two on a second tree. Thus, 
the two particles on one tree share a common ancestor f3i with |/3i| = 
ri, the two particles on the second tree have a common ancestor (^2 
with I/32I = r2 and ri, r2 € {0, 1, . . . , — 1}. 




(IV) Three particles reside on one tree, the fourth on its own tree. Thus, 
two of the three particles share a common ancestor /32 with |/32| =r2, 
and all three share a common ancestor /3i with = ri, such that 
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n G {0, 1, . . . ,r2 - 1} and r2 e {1, . . . , iV - 1}. 

Ql 

as 
04 

(V) All four particles reside on one tree. This gives the following two sub- 
cases: 

(A) Two of the particles share a common ancestor fS^ with 1(3^1 = r^, 
the other two share a common ancestor /32 also with |/32| = r2, all 
four share a common ancestor f3i with |/3i| =ri, /32 and /^s are 
both descendants of /3i, and ri € {0, 1, . . . , (r2 — 1) A (ra — 1)} and 
r2,r3G {!,..., iV-1}. 




(B) Two of the particles share a common ancestor fS^, another par- 
ticle shares a common ancestor P2 with P^, all four particles 
share a common ancestor /3i and /3i is an ancestor of (^2 which 
is an ancestor of ^3, with |/3i| = ri, |/32| = r2, l/Js] = and ri € 
{0,l,...,r2-l}, r2G {!,..., rs-l}, G {2, . . . , iV - 1}. 




Taking into consideration the possible resulting diagrams, and defining 
r(n) G [0,r] by r(n) = ^, the following lemma can be shown. 
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Lemma 3.8. Given G C|(M3>«i) ^ ^ C|,(r4>«^), /or a// n G N, 
t > 0, it follows that 



r=0 i,j=l 

^ N~l 3 



fi,?'2=0ij=l 

and 

iV-1 4 



r=0 i,j=l 



N-1 4 3 

+ E E E (r 



?'l,r2=0ii,ji = l j2,j2 = l 

n<r-2 ii^ji 42 

^ N-1 4 3 

^ ^3 l;(ri{n),r2(n),r3(n),t)^'/^0 / 

'■fe=0 ii,Ji=li2,j2=l 
fc=l,2,3 iiT^ii i27^i2 
''■i<r2<r3 

where T,, is defined as in (5). 
Proof. See Appendix A. □ 

Having now a formula for both the third and fourth moments of the 
branching process, with the exception of a some small technicalities to men- 
tion, the moment formulae for the superprocess will follow almost immedi- 
ately from Lemmas 3.6, 3.7 and 3.8. 

Theorem 3.9. Let <p G C^(M3xrf) ^ ^ C^(M4xd) respectfully 
defined by 

<j) = (ki ® (t)2 ® (t>2, and 4i = iIji ® 11)2 ® i'?, ® 4>4: 
for (t)i, ipj G C^^iW^), i = 1,2,3, j = 1,2,3,4. Then for all < ti < t2 < ^3 < 

«7^i 
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nji=ii2j2=i-'*i 

+ I]/^,.rd,,(r~L..,..)*.''§> 

ij=l"'*l -^tl 

+ £ £ rfsi (r^°(,\';°;'J°j,,j3,j,) , //^) 

n,ii=ii2,i2=i-'" 

3 /"^S /"^l /'•^2 

+ E/ '^^s/ rf«i(rg;'S^^^^ 

^i2 "^""'ii "^""'i) '^'''^^l;iSS2l,t3,t4)/^0) 
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and 

3 fti 



/"tl 



■ • 1 ''0 



,j^,JO JO 

(10) 

rt2 fti 



+ I ds2 [ dsi(rg°';^^^^^^^^^^^ 

J tl Jo 



Proof. See Appendix B. □ 

The purpose of the above moment formulae is due to the need for 
bounds, the verification of which makes up the most essential part of this 
paper. For the remainder, any arbitrary constant value, dependent only upon 
< T, will be denoted by C = C{T). 

Lemma 3.10. Let (p e Sd, d <3, and define for x = {xi,X2,X3) eR^^'^, 
y = (yi, 2/2,^3, y4) GM4>«^, 

1p{x) = (j){xi - X3)(I){X2 - Xs) 

and 

fiy) - 4>{yi - y3)4>{y2 - va)- 

Suppose that ^ = {^t '■t>Q} is a superprocess over a stochastic flow such 
that fiQ G MpiW^) satisfies Assumption 2.3. Then, for any < ti < t2 < ^3 ^ 
r < oo, 



(i) / dt^ I dt2 I dtiE{iJj,fit^f^t,f^t,)<C\\m, 



T rts 
^0 

and 

Ct-i [-12 

.2 \ ^ r<\\ i,i|2 



(ii) / dt2 dtlE{^,^lt,^Lt2^^l)<cu\\i,. 

Jo Jo 
Proof. See Appendix D. □ 

We now proceed with the establishing existence of the GSILT. 
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4. Existence of generalized self-intersection local time. Generalized self- 
intersection local time (GSILT) at n € M'^, over B C B{M.'^), is defined for- 
mally as 



C{u;B)= / dtds{6u,fisfJ-t), 
Jb 



where 5u{x) is the Dirac point-mass measure at u. 

Note that in the above, and throughout the remainder of this paper, if 
: M'^ — > M, the convention 

{ip,lislit) = j lis{dx)^it{dy)^{x -y) 

is made. 

Since /i^/it = fit^J's■, it makes sense to restrict GSILT either above or below 
the diagonal, and so we set 

C{u, T) = C{u; {{s,t):0<s<t<T}) 

for fixed T € [0, oo). 

The above definition is clearly formal, and thus to make sense of this 
a limiting process will be constructed. For fixed A > 0, define 



/"OO 

Jo 



then, since G^'"* is the resolvent to L at A, (A-L)G^'" = 5^, and < A^^ 

From Dynkin (1965), Theorem 0.5, it can be seen that is not 

smooth (take, e.g., x = u), and thus it is desired to estimate G'^''" by a class 

of smooth functions. 

Since G-^'" e L^iR'^), for any G G^f 



^ J dxG^'''{x)4>{x) < oo, 

which implies G'^''" can be regarded as the element of S'^ which sends (f) (z 
to ((/>,G^''"). Thus, Lieb and Loss (2001), Theorem 7.10, implies the existence 
of a family {Ge''' : e > 0} C G^ such that G^'" ^ G^'" as e ^ 0, in S'^. 

From Hormander (1985), L is a continuous operator on S'^, and it is 
concluded that 

lim(A-L)G^'" = 4, 

e— S'O 

where convergence is in the sense of distributions, and so a limiting process 
is defined by 

r-T ft 



l^{u,T)^ dt ds{{X-L)Gp\fisf^t), 







A>0, e>0, 0<r<oo. 

The goal now is to make sense of the operator L appearing in the inte- 
grand. 
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4.1. An ltd formula. As in the independent case, the derivation of the 
evolution equation is accomplished through the construction, and careful 
application, of an appropriate Ito formula. This construction will mimic that 
of Adler and Lewin (1991), which begins with application of Ito's lemma to 
the nonanticipative functional /, given by 

f{t,x) = x / dsfMsW, 



Jo 

where -0 G C'|.(R'^), and X is a M-valued random variable. Note that from 
the SPDE (3), if </> € C^(M'^), then /it(</>) is a continuous semi-martingale 
with decomposition 

M4>) = f^o{4>) + Zt{4>) + Vt{4>), 

where 



Vt{ 



ft 

A 



/ ds^is{L4>). 
Jo 



Theorem 4.1. If(j)^Sd then fiti<P) is an a.s. continuous semimartin- 
gale. 

Proof. See Appendix D. □ 

Through some careful work (outlined in the Appendix), we arrive at the 
following. 

Lemma 4.2. Given ^ e S2d, 

rT i-t rT rT 

dt ds{L2^,i^Lsfit)= dt{^,i^Hf^T) - dt{^,ntfit) 
Jo Jo Jo 

T r rt 

Z{dt,dy) / ds{^{-,y),fis), 







JRd. Jo 



where 

d 



(L2^)(x,y) ^ i ^ a,,{y)d2, 92,^(x,y), 



2 

and Z{dt, dy) is the corresponding martingale measure. 
Proof. See Appendix E. □ 
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4.2. Existence. Using lemma 4.2 with Gg'" in place of we now have 



j^iu,T)=x r dt r ds{G^^\^istit) 

Jo Jo 



- r dt{Gi^^,iJitiJiT)+ r dt{G^^\fitt^t) 

Jo Jo 
+ r [ Z{dt,dy) fds{G^'^{--y),fis). 







As in Rosen (1992) and Adler and Lewin (1991, 1992), the issue of "local 
double points" must be addressed, that is, the set of points lying on the 
diagonal in M?, which will be (falsely) counted as points of self- intersection 
when n = 0, and will lead to singularities in dimensions greater than one. 
Due to this we follow the idea first proposed by Adler and Lewin, and 
renormalize our GSILT via subtraction of the term involving "local double 
points." It is easy enough to see that the term involving the "local double 
points" is given by Jq dt{G£'^ , fitUt) , and thus we define our renormalized 
limiting process to generalized self-intersection local time at u G M'^, over 
the set {(s, t) -.0 < s < t <T} hy 

C^iu,T) = ^^iu,T) - rdt{G^^\f,m) 
Jo 

=x r dt f ds{G^^^,fisf^t)- r dt{Gi^^,iitiiT) 

Jo Jo Jo 

+ r f Z{dt,dy) f ds{Gl^^{--y),pis). 
Jo Jr'' Jo 

Using Lemma 3.10 existence follows almost immediately. 



Theorem 4.3. Suppose that fi = {f-H'-t > 0} is a d- dimensional super- 
process over a stochastic flow such that fiQ S Mp(K'^), d < 3, satisfies As- 
sumption 2.3. Fix T € [0, oo) and define C^{u, T) as above, then for < s < 
t<T, 

L^-lim Cl{u,T) = C^{u,T), 
uniformly in , where C^{u,T) is defined by 

C\u,T) = X r dt f ds{G^^^,fisf^t)- r dt{G^^^,fitfiT) 
Jo Jo Jo 

+ r [ Z{dt,dy) r(is(G^'"(--2/),/i,). 
Jo Jw Jo 

For each A > 0, £'*'(n, T) is referred to as the self-intersection local time at u, 
up to time T , for a superprocess over a stochastic flow. 
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Proof. See Appendix F. □ 

It should be noted that, as with the the SILT of Adler and Lewin (1991), 
for d> 3 the GSILT can be shown to blow up to infinity. It remains an open 
question if renormalization processes, such as those of Rosen (1992), exist 
for dimensions d> 3. 

APPENDIX A: PROOF OF LEMMA 3.8 

We now proceed with the moment calculations. Much of what follows 
will be a consequence of the Markov property, and the reader is referred to 
Skoulakis and Adler (2001) for a similar calculation for the first and second 
moments. Note that if t > and r G N, we define N €N and r{n) € [0, r] by 
N = [nt] and r(n) = ^. Recall, 

(11) e(</,,(m("))^) = -L ^ E0(y,"-",y,"-",yr'",^r'")iEnia.n(t). 

Oj'^nt i=l 

i=l,2,3,4 

If ai(0), 02(0), a3(0), and 04(0) are given, case (I) gives 

E0(y "1 , y , y , y ) = (^(xc,i (0) , (0) , Xc,3 (0) , (0) ) 

and Eni=i lQ„n(i) = (^)^^. For any ai(0), 02(0), 03(0), 04(0), there are 2^^ 
corresponding (ai, q;2, as, 04) which result from binary branching over N 
steps. We thus arrive at the following contribution from case (I): 

afe(0)=l,fc=l, 2,3,4 

a^(0)=l,fc=l,2,3,4 

^ afe(0)=li,j=l 
fc=l,2,3 ij^j 

1 ^ ^ 

Ofe(0)=ln,ji=l«2,j2=l 

j=l,2 iiT^ii j27^j2 
1 ^ ^ 

~^ Y Y Y (^l2^i2j2^niiQt</') (2:01(0)), 

Oi(0) = l «1 ,Jl = l«2 ,i2 = l 
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which by the definition of /i*-"-*, 

Ofe(0)=l,fc=l,2,3,4 
a,(0)^«fe(0)/5^fc 

Prom Lemma 3.5 ah but the first term on the right-hand side wih vanish as 
n — )• oo, and thus 



afc(0)=l,fc=l,2,3,4 



(12) 

= (g^0,(^i'^))^) + o(i). 

For case (II), given ai(0), 02(0), /3(0) and r, proceeding as before, 

E</.(y,"i'", y,"2'", y^"^'", y,"^'") 

^ 12 X] (Qr(n)^U<3t-r(n)<^)(^ai(0),a:a2(0), 3^/3(0)), 

and if for any distinct i,j G {1,2,3,4} we define to be the exhaustive 
elements of {1,2,3,4} \ 

4 

Eni".-nW = (lE^^n(^))(]E^,,n(0)lEE[l„,,n(^)la,,n(^)|-^(„)] 
_ 2-(4Af-r-l) 

For any ai(0), 02(0), /3i(0) and r, there are 2^^"*""^ corresponding tuples 
(ai, a2; 0^4) which result from binary branching over steps and 2 • (2) 
possible arrangements for (qi, Q2, as, 04). We thus arrive at the following 
contribution from case (II): 

^ N-l 4 

:^Y.Y1 J2 (r3;(i(n),i)'^)(^«l{0),2;«2(0),rE^(0)) 

r=Oi,j=l ai(0),a2{0),/3(0)=l 

e=l,2 

N-l 4 
r=0 i,j=l 
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N~l 4 3 

r=0 ji,ji=l j2,j2=l 
TV-l 4 3 

r=0 ii,ji=l 42 ,j2=l 

Again from Lemma 3.6, all but the first term on the right-hand side will 
vanish as n — > oo and thus, 
^ N-l 4 

;^EE E (r3;(i(n),i)'^)(^«i(0)'^a2(0),3;;3(0)) 

r=Oi,j=l ai(0),a2(0),/3(0)=l 

1=1,2 

(13) 

N-l 4 



^ ^ ^ . u;(r(n),t)^ 
r=0 i,j=l 

Cases (III) and (IV) will now be considered together. For case (III), given 
/3i(0), /32(0), ri and rs, 

E0(y,"i'", Fi^^-'^, y,"^'", y,"^'") 

E E (^^2;(riM,r2(n),i)'^)(^/9i(0)'^/32(0)) 

n,ji=i j2,i2=i 
«2,i2?^n 

and 



■(4Ar-ri-r-2-2) 



For case (IV), given a(0), /3i(0), ri and r^-, 

E,/.(y,"^'", y,"^'", y,"^'", y°*'") 
1 4 3 

= 1^ E E (r2;(nSr2(n),t)'^)(^"(0).a;/3i(0)) 



48 

lljl = l «2j2 = l 

i2=i\ or j2=«i 



and 

Eni,,,„(t)=2-(^^-^-^-2)_ 
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Given two initial ancestors, there are 2^^"'"i~''2~2 possible trees, and 
a possible 2 • (2) arrangements for ai, 02, as, a4 upon each tree (requir- 
ing ri < that result in case (III). Furthermore, there are 2^^~'^'^~'''^~'^ 
possible trees, and a possible 2 • (^) • (2) • (3) arrangements for qi, 02, 03, 
a4 upon each tree that result in case (IV). It follows that the contribution 
coming from the sum of case (III) and case (IV) is given by 
^ N-i 4 3 

^ 12 ^ Yl Yl (r2r(Mn?,r2(n),i)'^)(^"(0)'^/3(0)) 
ri,r2=0n ji = l 12 J2 = l a(0)=l 
ri<r-2 ii^ji i2^i2 /3(0)=1 
"(0)^/3(0) 



4 3 

n2 \^2;(ri(n),r2{n),t)'?^''^/^0 J / 



ri,r2=0ii,ji=l i2,J2=l 
ri<r2 ii^ji 12 ^j2 

N~l 4 



J3 5^ X] £ (^12r2;JriSr2(n),t)'^'/^o"^)- 



Ti' 

ri,r2=0«i,ji=l 12 J2=l 
ri<r2 ii^^ji 't2^j2 

Thus, again from Lemma 3.6, the second term vanishes as n — )• 00, and we 
have the contribution 

N~l 4 3 

(14) Y ^^r^t:i^.i^^<p^^)^i^^f)+oii). 

ri=0 ii ,ii = l 1-2,32=^ 
r2=0 ii^ji i2^j2 
r\<r2 

Considering subcase (V)(A), given ri, r2, rs and /3i(0), 

E(^(y,"i'", y,"^''^, y,"^'", y,"*'") 

«7^i 



1 ^ ^ (12 • ■ ■ • ) 

12 



ii,ji=l i2,j2=l 

«2 j2^n 



Furthermore, 



- (4A''— ra — r2 — ri —3) 
i=l 
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For subcase (V)(B), given ri, r2, and /3i(0), 

E(/-(y,"^''^, y,"^'", y,"^'", y,"^'") 

= 3^ E iEE[(ci>,,Qt,3(„)0)(y--,y--,y4-)|7-«(„) 

4 3 

— J_ \" \ " /-p(12,i2j2,jlii) iw \ 

~ 48 '^^ l;(ri{n),r2{n),r3(n),i)'P'"^^/3l(0)^ 

iljl=l j2j2 = l 

12=11 or j2=ii 



and 



4 

-(4Ar-ri-r2-r3-3) 



Given one initial ancestor there are 2^^~''i~''2-'-3-3 possible trees, and 
a possible (|[) • (^) • (2) arrangements for ai, 02, a3, 04 upon each tree (requir- 
ing r2 < rs) that result in case (V)(A). Furthermore, there are 2^^~'"i~''2-r'3-3 
possible trees, and a possible (}) • (^) • (2) • (3) arrangements for ai, 02, 03, 
a4 upon each tree that result in case (V)(B). It follows that the contribution 
coming from the sum of subcase (V)(A) and subcase (V)(B) is given by 
^ N-i 4 3 

^^^^ ^ E EE ^^l;Mn)',r2'(n),r3(n),t)'?^'^0 )• 

ri,r2,r-3=0ii,ji=l i2j2=l 
ri<r2<r-3 ii^ji 42 5^^2 

Therefore, from (12), (13), (14) and (15), the lemma is shown. 

APPENDIX B: PROOF OF THEOREM 3.9 

Again, due to similarity and escalating difficulty, we forgo the proof of 
the third moment in favor of the fourth moment. We first prove a needed 
lemma. 

Lemma B.l. Given (l)k,'>Pj ^ C^^i'^^'^), A: = 1,2,3, j = 1,2,3,4, /et = 
4)i®(j)2® 03 and V' = V'l "02 ® "03 ^^4 • J^or any t>^, the following hold: 

^ /■* (•■) 

"2;(s,t)'^'^o) 



(16) 

3 ft 
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and 

(17) + E E fds,rds,(r^^;:^^i.,^ 

«l,Jl=l 12 J2 = l 
4 3 



+ E E f ds^^ds,^ds,{^^^^^^^,^.o). 
n^ii «27^i2 

Proof. To begin, note that Lemma 3.5 implies {/j-q^^Y =^ /^q 
£ G N, and thus the first term of the right-hand sides of (7) and (8) con- 
verge, respectively, to the first term of the right-hand sides of (16) and (17) 
as n cx). Since Qj is a strongly continuous contraction semigroup for € N 
(Lemma 3.2), for any G Cb(]R'^) which satisfies \\4>\\bL = 1, ||Qt '/'lloo < 1, and 
sup,^^ < 1. Thus, for any keN, UW^L = 1 implies \\Q^(^\\bL < 

1. From Lemma 3.6, the remaining terms on the right-hand sides of (7) 
and (8) converge, respectively, to the remaining terms of the right-hand 
sides of (16) and (17) as n — t- oo. It remains to show that the left-hand sides 
of (7) and (8) converge, respectively, to the left-hand sides of (16) and (17), 
but this follows immediately from Lemma 3.7 □ 

The proof of the main theorem can now be shown. 

Proof of Theorem 3.9. Using the Markov property and Lemma 3.4, 
it follows that 

= E/itj {'il^i)nt2 (V'2)/i?3 (^^3 ^ Qu-tsi^i) 

tz-t2 

ds fitiii^i) 

+ / dsE^itAi'l) 

Jt2 

X ^42i'^lQs-t2^l2Q\-s'^lQu-t'M2®'4'3®'^|JA)) 
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To make sense of the remainder of the proof, each of the above five terms 
win now be considered separately. 
From (17), 



■ ■ -1 



4 3 



il,ji=l i2,j2=l 



/■S2 



JO 



+ , E E r 'i»3 /" /" .i"! «(rs;,ts;:ri!.)*)^ 



jl,jl=l «2,j2 = l 



From (16), 

3 ^t2 



«J=1 



«J=1 
(19) 



: .-I ■'II 
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2ljl = l«2 ,j2 = l 



«l,jl = l«2,j2 = l *1 



Again from (16), 



(20) 



^t2 

= /"<i.M?(rS?;S°:.,„..,*) 

t2 

+ E r,s, M.(rS;5:-:;°-;»4,,,,,*). 

.-1 J to JO JO 



«J=1 

From Lemma 3.4, 

ct2 [-82 



^ / ds2 1 dsiE^?^(^irg;^:°;°^^^ 



(21) =Ef ^^^r^«i/^§(rSS^°22.3..)^) 



I ds-i i ds2 / dsi^XQ{T\, 



(12,0,12,^,0,0) ,^ 
(si,tl,S2,t2,S3,i3,t4) 



and 



/ (isiE/i2^(7rirg°i\';°)^_^^ ^^_^^^ 



t2 

/•t2 



(22) =/ ^^2/ rf«i^g(rs;ss:i.3..)V') 



,^ ,(*l:*li*2,S2,i3,i4) 
t2 -'tl 
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Z'*^ f *2 /■*! 12 12 0) 

+ / dss ds2 rfsi/^o(r,.(;^;,^;^'^,;^,3_,3_,^)^). 

Combining (18), (19), (20), (21) and (22), tlie desired formula follows. □ 



APPENDIX C: PROOF OF LEMMA 3.10 
We begin with some needed corollaries (of Theorem 3.9) and lemmata. 



Corollary C.l. For i,j = 1,2,3,4, let (j)) e C^(M'*) and define (jji G 



3 



C^iW""^) by 



(t)i = (t>i® ■■■^'Pi- 
Then if Q<ti<t2<h<U<T <oo, 

iE(</>i,/ut,)<c(r)||0i|U, 

IE(02,^ti/it2)<C'(r)ll</'2||oo, 
E('^3,^tiMi2/^t3) < C* (7^)1 1 (/'si loo 

and 

E{(j)4,fJ.t^fit^fIt3tJ'u) < C'(r)||(^4||oo. 

Proof. Since / dyq^{x,y) = 1 for any A; € N and all x G M'^^'^, and 
since /io is a finite measure having compact support, this follows imme- 
diately from Theorem 3.9. □ 

Corollary C.2. Equations (10) and (9) continue to hold for (j) € S'sxd 
and -0 G S^xd- 

Proof. From Lemma 3.3 there exist = YJk=i (t>k® (kl® (t'l-k 
and {Vn = ELi V'fc O V'i <^ V'E O V'l : G N} such that 4, ^ C^{^'^). 
i = l,2, 3, 4, j = 1, 2, 3, fe, m G N, and lim„^oo 4>n = 4>, hm„^oo "^n = where 
the convergence is uniform. For any n,m N, from equation (9) and Corol- 
lary C.l, it follows that 

EdV'n - tpm\,lJ'tilJ-t2tJ'tslJ't4,) < C{T)\\'lpn " V'mlloo- 

Thus (■i/'ni/it^/itjA^tsMti) is Cauchy in the complete space L^(P), and hence 
convergent. Uniform convergence of "i/^n implies 

lim {^|)n,^J'tl^J't2^^t3^J'u) = (V',/^ti/^t2/^t3^t4)> a.s. 

n— ^oo 

Since the and a.s. limits must agree when they both exist. 
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Considering now the right-hand sides of equations (9) and (10), by uniform 
convergence, and since is finite with compact support, the desired con- 
vergence is shown. □ 

For ease in reading, we introduce the notation 

(23) E--^ 4 QlC(xi)QS,C(x2)Q2!_t • • • C{Xn.-2)Qt..-s^-.-lQL-s^-.^ 

where x.^, s^, ^, i{x) and ( are defined as in (5), with the convention that 
Xm-i = and £{m — 1) = 2. 

Proof of Lemma 3.10. Throughout this proof, the norm on wih be 
denoted by || • From the moment equation (9) and the preceding corohary, 
it follows that 

is rt2 14 
dt2 / dtiE{ip,ntj^iJ,t^i4^) <Cy2'^k(ti,t2,h), 

k=i 

where the definition of each Jk is implicit in equation (9). 

To begin, note that from Dynkin (1965), Theorem 0.5, for n € N, x, 

qnx,y)<Cp:t{x,y), 

where C and l are constants, and = JliLi^'-' where p. is the Brownian 
transition function on M'^. It thus follows that 







(24) <C J dap,^ti~s)ixi,ai)p,^t2-s){x2,a2) 

X P,[t3-s){x3,a3)p,(^t■is)ixi,a4)^p{a) 

for all x € M4^'^,s G [0,ti], a = (01,02,03,04). 
Using inequality (24), it follows that 

,^(0,0) 4\ 
\^4;(ti,t2,i3)'^'^0; 

<C / Hoidx) / dap,ts{xA,a4)Y[pa^{xi,ai)ip{ai,a2,a3,aA) 
•' •' i=i 

<C j fio{dx3)fio{dx4) j da3da4p,ts{x3,a3)pu3ix4,a4) J (ioi (/)(oi - 03) 
X / do2 (/)(o2 - 04) / fio{dxi)pui{xi,ai) / ^0(^^2:2)^1*2 (^^2, 02) 



<c\mi 
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and thus, since d < 3, 

rt3 rt2 



Let {i' ,]'] = {1,2,3,4} \ < j', then again from (24), 



W 1 U 



«J=1 



<CY^ j ds j lilidx) j dyp,s{xi,y) J daida2da^da/^p,{t^_s){y, 



ai 



X Pt{tjA3-s)(y'«iW.'(^2,ai'Kv/v3(2;3,aj')'/'(ai " 03)^(02 - 04) 

and so, with a some apphcations of the Kolmogorv-Chapman equation to 
the above expression. 



Since d < 3, it follows that 

r-ta rt2 /■*! 
'0 Jo 



■ 1^/0 "'O "'O 



This next case becomes quite a bit more complicated, so we explain with 
more detail. Consider 

± ± /%.2rd.i(H^:f5i,3)..,/.§), 

ij=ln,m=l-^0 JO 

wherein the presence of both ^nm and greatly increase the number of 
cases. In bounding, we again may assume, with the addition of a multiplica- 
tive constant to the bound, that i < j- Note first that when m + nj^6 — iit 
will follow that either 

<C dyp,si{xi,y) / dzp,^,^_s^){y, z) 



or 
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X j dwidw2dwzdwip,(^t,-s2){^i'^i) 

-(nm,ii,0,0) r . 

■^2;(si,S2,ti,t2,t3)'^'^^l'^2; 

<C dyp,siixi,y) / dzp,(^,^_^^){y,z) 



X J dwidw2dw3dw4p,(^t,-s2){z,Wi) 

^Pi-{tjAS-S2)iz^'^'j)Pi^{t^,^-^-si)iy,Wj')pu^, {x2,Wi>)ip{w), 

where again {i' ,j'} = {1, 2, 3, 4} \ {i,j}, with i' < j' . In the case that m + n - 
6 — i, we have the bound 

--2;{^i,S2,ti,i2,i3)¥'^^l'^2j 

<C / dyp,s-^{xi,y) / dzp,s2{x2,z) 



X / dwidw2dw2,dwip,{t^_s^){z,Wi) 

X Pi{t-^^-s2 

)iz,Wj)p,(^t^,_s,){y,Wi>)p,^t^,^^-Si){y,Wj')ip{w). 



It thus fohows that 



4 3 



; ■ 1 „ ^ 1 



jj=l n,m=l 

where 

ftl pS2 



^1 = E E J ^^'^ J "^^-^ y fJ-o{dxi) J dyp,sAxi,y) 



,j'=l n,m=l 
i<i,i'<j' 



X y dzp,(^s2-s^){y,z) 

X y dwidwj dwii p,^t^,_si){y,Wii)p,(^t^_s2){z,Wi) 

X / tMQ{dX2)pa^,^s{x2,Wj'), 
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^2= ds2 dsi / iio{dxi) / dyp,sAxi,y) 

„• ./ „ ^-1 Jo Jo J J 



*Ji*'ij'=l n,m=l 
i'-LiJ'-Lj n<m 

i<j,i'<j' 



and 



X J dzp,(^s2-si){y,z) 

X y dwidwj dwji p,^t^, ^,^_s^){y,Wji)p,it,-s2)iz^Wi) 
X j l^o{dx2)Pit^, {x2,Wi>) 



A3= y2 y2 ds2 dsi / fj.o{dxi)fio{dx2) 

„■ ^ »^ 1 -^0 Jo J 



*Ji*'j'=l n,m=l 
i<j,i'<j' 6-n-m=i 



X j dyp,s^{xi,y) j dzp,s2{x2,z) 



X j dwidw2dw3dwAp,(^t^,_s^){y,Wii) 

For the first of tlie above three terms, the process is as follows. Bound 
fio(dx2) by ||m||ooda^2i integrate pu-, Ax2-,w',) with respect to dx2-, then (f) 
with respect to dwji . In doing so, we may then integrate out one of the re- 
maining Wi, Wj or w'j. In what remains, if (i, j) 7^ (1, 2) there will be the term 
P,{t3-S2)iz,w.), or if = (1,2), the term p,(t3-si){y,W3)- In either case, 
bound the respective term by C(t3 — s.)""^/^. This allows for the integration 
of the second (p. 

For the second of the two above terms, bound fiQ{dx2) by |j ?7x||qo dx2j inte- 
grate p^t^,^^ix2,w'j) with respect to dx2, then (j) with respect to dwi'. In doing 
so, we may then integrate out one of the remaining Wi,Wj or w'j. In what 
remains, if € {(1, 2), (1, 4), (2, 3)} there will be the term Pi,(t3-si){y^ Wji), 
otherwise there will exist the term p^{t.^_s^'^{z,w.). In either case, bound the 
respective term by C(t3 — This allows for the integration of the 

second 6. 
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For the third and final term, if ^ {(1, 2), (3, 4)}, there will exist 
the terms p,^(t^-s2)i^->'^j) ^"^^ Pt.{t3-si)i which are bounded, respectively, by 
C{h-S2)-''/^ andC(t3-si)-''/2. When = (1,2) we bound p,(j3_,,)(2/,u;3) 
and Pi{t2-S2)(^)''^2), respectively, by C{t3 - si)"'^/^ and C{t2 - 82)''^/'^. Fi- 
nally, when (i, j) = (3,4), bound the terms p,(t3_s2)(z, ^3) aiidp,(^t2-s^){y,W2), 
respectively, by C{t-i — 82)'^^"^ and C{t2 — si)"*^/^. This allows for the desired 
integration of <j){wi — Ws)<j){w2 — W/i). 

Combining the above, and since d < 3, we arrive at the bound 

E E r dt2 r dt, p ds, r ds2{E^-;^^^^^^^^^ 

ij=ln,m=l-^0 JO Jo Jo 

Considering the next case, note first the similarities in the respective 
corresponding particle pictures of this and the previous case. This case can 
be seen as a modification of the previous case in which the two original 
particles were both born from a common ancestor. Thus, arguing as before, 
we arrive at the bound 

E E r r ds2 r ds^ir!^-::^^^^^^^^^^ 

j,j=ln,m=l -^0 -^0 JO 



where for the we have 



4 3 



Bi= 'V] [ ds3 [ ds2 I dsi I /Uo(dx) / dyp,s^{x,y) 

i,j,i',j'=l n,m=l ^0 Jo Jo J J 

i'^ij'^j n<m 

i<j,i'<j' 

X J dzp,(s2-si){y,z) j dwp,(^^^_s^){z,w) 

X j dvi dv2dV3dV4P,{t^,^^-si){y,Vj')p,(^n,-S2)iz,Vi>) 

X P,{U-S3){W, Vi)p,^t,r,,-S3) {W, Vj) 
X (l){vi - V3)(j){v2 - Vi), 
4^ 3 ^ r j- 

^2= E E ds2 / dsi / Ho{dx) / dyp,s^{x,y) 

i,jy,j'=l n,m=l -^0 Jo Jo J J 

i<j,i'<j' G-ri-mT^j 



X / dzp,(s2-sj){y,z) / dwp,(^s^_s^){z,w) 
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X I dvidv2dv3dv4p,(^t^,^s^){y,Vi>)p,^t,,^^_s^){z,Vj>) 



X (t){vi - Vs)(j){v2 - V4) 

and 

4 



B3= y~] Y] ds-s ds2 / dsi / tio{dx) / dyp,sAx,y) 

^J,^'J'=1 n,m=l Jo Jo J J 

i'jtij'^j n<m 
i<j,i'<j' G-n-m=i 

X / dzidz2P,(^s2~si){y,Zl)Pi{sa-si){y,Z2) 



X I dvidV2dV3dV4P,(t,-S3)iz2,Vi)p,(^t^^^_s^){z2,Vj) 

XPi{t^,-S2)izl,Vi')p,(t.,^^-S2)izl,Vj') 
X (j){vi - V3)(j){v2 - V4). 



Thus, 

Bi + B2 + B3 



<CUfl / dS3 / dS2 

Jo Jo 



X / dsiiih - S2)-^'\t2 - S2)-'/' + (^3 - S2)~^/\h " S^Y'"^ 

Jo 

+ {t2 - S2)-'"\h - SS)-'/' + {h - S2)-'"\t2 - 8,)-''/% 

where the above bounds are obtained shnilarly to the previous case. And so, 
since d < 3, 



4 3 



^ pt'3 pt2 rti ps^ pS2 

EE/ ^^^2 / dh dss ds2 dsi{E^i^2TLt2,t,)^^^'^) 

i,j=ln,Tn=l'^^ -"^ 

<c{Tmi 

This takes care of four of the fourteen J^, and we consider now the next 
three integrals which are dependent upon the expression 

"3;(ii-si,S2-si,t2-si,t3-si)^^ 

<C dbp,(^s2-si){x3,b) 
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(25) X j daida2da3da4p,(^t^_s^){xi,ai)p,(^t^^^__si){x2,a7-i-j) 

X (j){ai - a3)(j){a2 - a^) 

for all X e M^^'^, < si < h, h < S2 < ^2 and i,j = 1,2,3, i / j. In the 
above z?-' refers to the particular arrangement of zi,Z2 given the pair 
Applying (25) now gives 



«J=1 

i<j 



<CY1 ds J fio{dx2)no(.dx3) J dyp,s{x3,y) 



X j dzj+ip,^t.^^s){y,Zj+i) J dzi(t>{zi- Z3)4>{z2- Z4) 

X J iio{dxi)pu^{xi,zi) 
and, by integrating out terms and using known bounds, 

■ 1 J tl J tl 



And so, since d<3 

3 ,.t3 ft2 



iZl'dt2lJ dt, ^ ' ds(^^^^^^^^^^^,^J^ < c{Tml 



Again from (25), 



E E r r ^«i(-s:'!;'Si.3)^'/^o) < +C2+ c), 

where for the Ck we have 

dsi / ^0(^2:1) / dyp,s^{xi,y) I dzp,i^s2-s^){y,z) 



C^=E / ds2 



i<j 
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X J dwidwi+idwj+ip,(^ti-s^)iy,u!i) 

X / dwj-.i-.j (t){wi - W^)(I){W2 - Wa) 



<CUh r ds2 r dsi{h-S2)-'''\ 
Jti Jo 

^ rt2 rh I f f 

C2 = ^ / ds2 I dsi j fj.o{dxi) / dyp,s^{xi,y) I dzp,(^s2-si){y, z) 

i<j 



X J dw2dw3dwAp,^t^^_._.^^^_s-,)iy,W7-i-j)p,^t^_^^_,^){z,Wi+i) 

^Pi{ts~S2)iz,Wj + l)(l){w2-W4:) J dwlCpiwi-Ws) 

X j Ho{dx2)puiix2,'Wi) 

<cuh r ds2 r dsi[{ts-sir''/'+{ts-s2)-''/^] 



ti Jo 



and 



rt2 rti r 

C3 = C / ds2 dsi / fio{dxi)iio{dx2) 



i<j 



X / dyp,si{xi,y) / dzp,s2{x2,z) 



X I dwidW2dw3dw4P,(ti-~si)iy,Wl)P,(t^y_^_^^^.,-si)iy,'W7-i-j) 

>^ Pi{U+^~S2)iz,Wi+l)Pi,{t3-s2)iz,Wj+i)(t>{wi - W3)(t>{w2 - Wa) 

<CMl r ds2 r dsi[{h-S^)-'"\t^-S2)-'"^ + {h-S2)-'"\ 



ti JO 



Therefore, 

Ci + C2 + C3 



<CU\\\ dS2 r dsi[{h-S^)-'"^ + {t^-Sl)-'"\h-S2)-'"^ 

+ (t3-S2)-'/']. 



ti Jo 
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Since d<3, 

E E r dt, r dt, r r ds.iE^-^^^^^^^^ 

ij=ln,m=l-^0 -^0 Jt, Jo 

After one final application of (25), 



3 3 



E E r r ds, r\s,{E^j-^^^^^^ 



'■J 

where for the Di. we have 



3 i-t2 Hi r-S2 

I?i = C V / ds3 / ds2 / dsi 
■ . -, Ju Jo Jo 



X ^ (iT;i(iU2d^^3dl'4Pt(ti-s2)(^>1'lK(t(7_,_,)A3-si)(y,^^7-i-i) 

<Cml r ds; r ds2 r dsi[{H-s^)-'''\t;-s^)-''l^ 







+ {t2-Sr)-'"\h-S^)-''/\ 

rt2 r^i r^2 

fio{dx) I dyp,sj_ix,y) 



^ rt2 rti rs2 r r 

D2 = Cy2 ds3 ds2 / dsi / fio{dx) 
■ Jti Jo Jo J J 

''1.1 — -L 



•J 



X / dzp,(^,^_,^){y,z) / dwp,^ss-s2)izi'w) 



X I c?'i;idu2dt;3dt;4P,(f(^_,_.j^3-s2)(z,?;7-i-jK(ti-si)(y''^i) 

X PL{ti+i-S3){w,Vi+i)p,(^t3-S3){w,Vj+i)(t){vi - V3)(I){V2 - V4) 

<Cml r ds3 r ds2 r dsim-S2)-'"\h-s-i)-<''^ 

+ {t2-S2)-'"\h-S3)-'"^] 



ti Jo Jo 
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and 

i-t2 rti [■S2 



D3 = C'S2 ds3 ds2 I dsi / /Uo(rfx) / dyp,s^{x,y) 
ij^l-Jti Jo Jo J J 



X / dzp,(^s2-s^)iy,z) / dwp,(^s-j,-s^){y,w) 



X J dwidW2dw3dw4,p,(^ti-S2)iz,Vl)p,(t^^^^^^^^^-s2)i 

^ P,{U+i-ss){w,Vi+i)p,(^fs-S3)iw,Vj+l)^Vi - V3)^V2 - Va) 

<CMl r ds3 r ds2 r dsi[{H-S2)-'"\h-S3)-'"'' 

Jti Jo Jo 

Thus, 

D1+D2 + D3 



, _-, Jti Jo 



k=l 

CS2 



X / dsA{h- S3)-^l\{h- Su)-'/^ + {t2- Sk)-^l^)]. 







Therefore, since d < 3, 

3 3 /"i^ /'^2 (^t2 pti f^S2 

S.?_Jo ''Vo '''L '''I '''Jo 



i,j=l n,m=l 

<c{Tm\i 

Thus seven of the fourteen are now shown to have the desired bound, we 
continue with three more of the . 



^(0,0,12) 

^3;(ti-si,t2—si,S2—si,t3—si) 



ip{x) 

<C I dbp,(^s2-s^)ix3,b) 



(26) 



X / daida2da3da4P,(ti-si){xi,ai)p,(^t2-si){x2,a2) 
X P,(t3-S2) (b, a3)p,(t'i- S2){b, a4)v^(ai , 02, as, a^) 
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for all X G M^^'^, < si < ti,t2 <S2< t^. Now, from inequality (26), 

*^ , ,^(0,0,12) 3, 

~^ It I ^^^^^^^ / ^y^''«(^3,y) 

X j dZ3dZ4P,(^t3-s){y,Z3)Pc{t3-s){y,Z4) j dzi (/>(zi - Z3) 
X j dZ2(j){z2-Z4) J fJ,o{dXi)puiixi,Zi) j fJ,o{dX2)pd2{x2,Z2) 

<c{Tm\i 



It thus follows that 

rts ft2 rts 



dt2 I dh I 



Again from (26), we have that 

3 ^3 .ti 



where for Ei and E2 we have 
2 



Ei = ^J^ ds2^ dsi J fioidxi) J dyp,si{xi,y) J dzp,(^s2~si){y,z) 



X J dw3_kdW5_kPi,(t^_^^_si){y,W3-k)P,{t-i-S2)iz,W5_k) 

X J dWk+2P,(ts~S2)iz^Wk+2) j dWk(p{wi-W3)(f){w2-W4:) 



X J fJ,o{dx2)Pitk{x2,Wk) 

<c\\m rds2 r dsiih-siy"/^ 

Jt2 JO 

and 

E2= r ds2 r dsi{t3-S2)-'''^ 
Jt2 JO 

X no{dxi)iJ.o{dx2) dwi dw3 (l){wi - W3) 
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X j dWiP,(t-i-S2){^^Wi) j dW2(l){w2-Wi) 

<C\ml f'dS2 r dsi{h-S2)-'''^. 
Jt2 Jo 

Since d<3, it follows that 

With one final application of (26), we have 

^ f dss r ds2 r ds,(r!^:^;^2s.,t:.^^^^^ ^ ^(^1 + ^2 + Fs), 
j^j—^Jt2 JO JO 

where, for Fi and F2, we have 

rti i-ti I-S2 r r 

Fi = I ds3 / ds2 / (isi(t2 - si)"''^^ / fJ-oidx) / dzp,s2{x,z) 



It2 JO JO 

X / dwp,i^sz~s2){z^w) I dvidvip,^t^~s2){z^^i)Pi{H-s3){w,v^)(t){vi-Vz) 



X j dViP,(^t.^_s.j^){w,Vi) j dV2(t){v2-Vi) 

<C\\(t)\\i I ds3 [ ds2 I dsi{t2 - siy^/"^ [ fio{dx) [ dzp,s2{x,z) 

Jt2 JO JO J J 

X j dvi dV3P,^t^^s2)iz^Vl)Pi,it3-S2)iz^V3)(l){vi-V3) 

and 

F2= f ds3 [ ds2 f dsi{t2 - 82)''^^'^ [ fJ,o{dx) [ dyp,si{x,y) 

Jt2 JO JO J J 

X / dwp,^ss~si){y,w) / dVidv3P,(^ti-si){y,Vl)p,^t^_s3)iw,V3)(j){vi - V3) 



X / dV4:P,(t3-ss)iw,V4) I dV24>{v2-Vi) 



rti rti /•S2 r r 

<C||0||i / ds3 / ds2 / dsi{t2 - 82)''^/'^ I fJ-o{dx) / dyp,s2{x,y) 

Jt2 Jo Jo J J 

X / dvidv3p,(^t^_s2)iy^vi)Pi{t3-si){y,V3)(p{vi - vs)- 
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Therefore, since d<3, 

3 nts H2 rt2 ftl 



<c{T)m\l 

As a total count of the original fourteen J^, the desired bound has now 
been shown for ten. We continue now with 

^(0,12,ij,0) , 

2;{tx-si,S2-si,S3-si,t2-si,ti-si)T^y 

<C I dbidb2P,^s2-si){x2,h)Pi(ss-s2)ibi,b2) 

(27) 



X J daida2dasda4p,(^ti-si){xi,ai)p,(t^^_._.^^^_s2){bi,ar-i-j) 
xPL{ti+i-sa)ib2,ai+i)p,^ta-s3){b2,aj+i)ip{a) 

for any x € R^^'^, < si < ti < S2 < S3 < ^2, and i,j = 1, 2, 3, i < j. Applying 
inequality (27) gives 

pt2 rS2 



2 ^ rt2 rs2 r r 
<C\\(i)\\l^ / ds2 / dsi / Ho{dx2) / dyp,st,{x2,y) 



X y (iw;2d'W4Pt(t2-Sfe)(2/,'f^2)Pt(t3-Sfe)(y,'f^4)<^(w^2 -'tf^4) 

<c\mi r ds2 r dsi[{h-s^)-'"^+{t^-s2)-'"\ 



Itl Jtl 
Therefore, since d < 3, we have 

3 ot^ pt2 rt2 [■S2 



y: ['dt2 rdt, rds2 rdsi(H(°™)^ 



With a second and final application of (27), it follows that 

E pdss rds2 r ds,{4if^^^j^^^^^^^^ 

: ■ 1 J t^ J t-\ Jo 
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where for Gi, G2 and G3 we have 



Gi = f ds3 I ds2 I dsi{t^-S2) '^1'^ [ fio{dx) f dyp,si{x,y) 
Jti Jti Jo J J 

X dv-s dzp,(^s2-si)iy,z) / dwp,(^s-i-S2)iz,w)p,(^t3-S3)iw,V3) 



<C\\(l)\\i I dss I ds2 I dsi{t'i-S2) '^1'^ [ Ho{dx) f dyp,si{x,y) 
Jti Jti Jo J J 



X J dvip,(^ti~si)iy,Vl)<j){vi-V3) I dv2P,(s3~ti){'W,V2) 

X [ dV4<j){v2 - V4) 

ft'i rs3 fti 
ds3 / 
iti Jti 

X j dvip,(^ti-si){y,Vl) j dV3P,(^t^_s-,){y,V3)<f>{vi-V3), 
rt'z rs-j, I'ti /• I' 

G2 = / ds3 / ds2 / dsi{t3 - 83)"'^/'^ / ^lQ{dx) / dyp,si{x,y) 
Jti Jti Jo J J 

X / dvip,{ti~si){y,vi) I dv3 (pivi - V3) 



X J dzp,(^s2-si){y,z)p,(^t3~S2)iz^V3) 

X J dwp,^^^_s^){z,w) j dV2P,(t2-S3){w,V2) j dV4(l)iv2-V4) 

<C||0|[i / ds3 [ ds2 [ dsi(t3 - 53)"'^/^ / ^0(^2;) / dyp,si{x,y) 



Jti Jti JO J J 

X j dVip,{ti^si){y,Vl) j dv3P,(^t3-si)iy,V3)(j){vi-V3) 

and 

rt2 f-S3 i-ti / f f 

G3= ds3 / ds2 / dsi{t3 - 83)''^'^ / fioidx) / dyp,si{x,y) 
Jti Jti Jo J J 

X dV3 dzp,(^s2-si)iy,z) / dwp,(^s^_s2){z,w)p,^t^_s,_,){w,V3) 



X / dvip,(^ti~si)iy,Vl)(j){vi - V3) / dV2P,(t3-S2)iz,V2) 



X J dV4 (j){v2 - V4) 

<CU\\\ r d83 r d82 r d8i{t3 - 81)-''/^ 
Jti Jti Jo 



x((t3-52)-"/' + (t3-S3)-'/'). 
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Thus 

Gi + G2 + G2 

<C\\m / dS3 / ds2 

Jtl Jtl 

JO 

And so, since (i < 3, 

x: r^t2 f^dt, pdss rds2 r dssiE^'^f^i^;^^^^^^^^ 

■ ■ 1 JQ JQ Jtl Jtl JO 

It thus remains to show the desired bound on two of the fourteen origi- 
nal Jfc. As in the previous steps, the bounds will result from the following 
simpler bound: 

^(0,12,0,12) 



2;(ti— si,S2-si,i2-si,S3— si,t3— si)'^^'^ 

<C I dbip,(^s2~si){x2,bi) I dh2P,(^sj,-s2){biM) 

(28) 



X j dai da2 das da4p,(^t^_s^){xi,ai)p,(^t2-s2)ih,a2)PL{t3-s3)ib2,a3) 

^Pi{t3-S3){b2,ai)ip{a) 

for any x G R^^^*^, < si < ti < S2 < ^2 < ^3 < ^s- Using inequality (28), it 
follows that 

J t2 Jtl 

rtz rt2 r 

<C\\(j)\\i / ds2 / dsi / i-Lo{dx2) 

Jt2 Jtl J 



X / dyp,si{x2,y) / dW2P,(t2-si){y,W2) 



X J dW4P,(t3-~si){y,W4)(p{w2-W4) 

<C\\m r dS2 r ds^{ts-Sl)-'''\ 
Jt2 Jtl 



And so, since (i < 3, 

rt-j, rt2 rt-j pt2 



dt2 dt, ds, ds2{E';i,;2;^^^^^^^^ 

■/ ■/ £2 ii 
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Finally, once again by (28), 

/■*3 r*^ fti (12 or 
/ / dS2 / dsi{E\ 

Jt2 Jti Jo ^ 



(12,0,12,0,12) V 
«2,t2,S3,t3)'^'^0^ 



Jt2 Jti Jo 

It thus follows that 

^''dt2 f^dt, pdss rds2 r ds,{E^^;fj^^^^^^^^ 

Jo Jt2 Jti Jo ,y , , , , ^, 

Therefore, from the bounds established above for each J^, k = 1, ... ,14, it 
follows that 



JO 



dt2 I dhE{ip,f,t^lJ^t2fJ'l)<CiT)\\m^. ^ 



APPENDIX D: PROOF OF THEOREM 4.1 

From Doob's maximal inequality for martingales and Theorem 2.2 we 
have that for </> e C^(M'^), < T < oo, 

Ef sup fit{^)Y <2fio{(l)f + 8EZT{^f + 2e( [ ds Hs{L^)^ 

^0<t<T ' \Jo 

For the second term, from Lemma 3.4 and Holder's inequality, 

EZT{(\)f= [ dsEfXs{^^)+ [ dsEf4{A(j)) 
Jo Jo 

= / ds^io{Qs(t>'^)+ / ds ^ll{Q'lK4>) 

Jo Jo 

f-T f-si 
+ / dsi dS2Ho{Qs2^12Q\-s2^(t>) 

Jo Jo 

r ds\\Qs^''\\L^ + \\m\\l, r dsWQlHh 
Jo Jo 

+ ||"l||oo / dsi I dS2 ||^>12Qsi-S2^'^llii 

Jo Jo 



< \\m 



d 

<c{T)Ml2+c{T)Y, imuimL^ 

d 

+ C{T) ^ \\d,cl)\\L4dj4>\\L^, 



GSILTSSF 45 

where in the above {St : t > 0} is the Brownian transition semigroup. With 
regards to the third term above, 

r>T \ 2 



< [ dsi [ ds2iEfisALc^?^Hs2iL(l)f) 
Jo Jo 



2n1/2 



sup ( lll{Q'i{L(l) (S) Lcj))) + / dr^Q{Qr^i2Q'l-r{L4>®L<i))) 
0<s<T\ Jo 

<T^C\\L^0mL^+ sup [ dr [ dy{S,^,_r)L(l)){y)'' 
\ o<s<tJo J 

d 

<C{T) mdjHL4dpdq4>\\L^ + \\didjnL4dpdgcP\\L^). 

Therefore, 

e( sup iitifj))) 

^0<t<T ^ 

d 

(29) < C(T)||,/.||i, + \\d,4>\\L- + \\dMLA\dMi^) 

d 

+ (l|5i9,>||ii||9p5,</.||Li + ||5ia,<^||z.2||5p 9,(^11^2). 

If E S'rf, from Rudin (1973), Theorem 7.10, there exists a Cauchy se- 
quence {</>.«} C C^(R'^) converging to in S^. Thus, from (29), Chebyshev's 
inequahty and a subsequence argument from the Borel-CanteUi lemma [cf. 
Theorem 4.2.3 of Chung (1974)], there is a subsequence {i;^>n.j.} such that /xt((/>„^) 
converges uniformly in t G [0, T] to /it (0) with probability one. Therefore, /it (</<) 
is an a.s. continuous semimartingale for S^,- 

APPENDIX E: PROOF OF LEMMA 4.2 

Fix T > 0, and set (\) G C^(M'^), then from Ito's lemma [cf. Ikeda and 
Watanabe (1981)], 

/ dt{ii ® (t),iJLtiJLT) = / dt{'4"i^ (j), fitfJ't) + dt ds{tl> 1^) L(p,fisfj,t) 
Jo Jo Jo Jo 

+ / dZt{^) / ds{'ilj,fj,s)- 
Jo Jo 
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Lemma E.l. For any (j),^^ e C^iW^), 

I dZt{<t)) / (is/Us(V')= / / Z{dt,dx) / ds (l){x)^s{'^)- 
Jo Jo JO Jr'^ Jo 

Proof. Let < t < T. It follows from (3) and Corollary C.l that 
e(^J^ dZs{(t>) dvfi^{iP)^ 

= E [' d{Z{cf>).)s( r dv fi^i^l,)^ 



t ps rs 

ds / dvi / (i?;2E/is((/)^)/i„^(V')/i«2('^) 
Jo Jo 

+ ds dvi dv2'Efis{A(l)f fiy^{'il^)fj,y2{'ip) 
Jo Jo Jo 

<c{T)mlo\mlo + \\m\l\mlo)- 

By assumption on A and since ^, € C^(M'^), ||A(/)||oo < oo and||A^/^||oo < oo, 
which, since HV'lloo) ||<?^||oo < oo, implies by the definition of the stochastic 
integral [cf. Karatzas and Shreve (2000), Chapter 3] that 



/ dZsi(p) [ dv fiyii;) e 
Jo Jo 



In addition, it is clear from Lemma C.l that Jq dv fiv{il)) € L^(P), and thus, 
again from the definition of the stochastic integral, dv fiy{ilj) can be ap- 
proximated in L^(P) by simple functions of the form 



y^yicA^l.Cn) {uj)l,An) An) As) 



i Ai 



where \J^A^^ = A^^ n ^ = if i / j, Ui(4"^4+i] = [0.0°)' and 
{'ti^\ti^i\ l~l = if i ^ k. It follows that an approximation 

to f^dZsic/)) dvfiyiip) is given by 



/ dZs (0) l^(n) (W) l(j{„) ^^(„)^j (s) 



i Ai 
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Clearly /(s,(?l)(x)) = (p{x) dv is also in L^(P), and so there exist 
simple functions of the form 

n 

n ^a'") 1 (•5)<?^(^)' 

converging to /(s, (^(x)) in L^(P). From Walsh's construction of the stochas- 
tic integral with respect to a martingale measure [Walsh (1986)], an 
approximation to Jq / Z{ds,dx)4>{x) dv ^^{iIj) is then given by 

n „ 

i A,-' 

n 

= Y^Y^A, l^(n) (W)l(0,t] {'ti){Zu + -, {<P) - Zt, ((/>)). 

i A, ' 

Since any two limits of a sequence must agree, it follows that 



dZt(0) / dsfisiip) = I I Z{dt,dx) J ds(j}{x)iis{il)). 



□ 



Immediately, we arrive at the corollary: 
Corollary E.2. 

rT rt r-T r-T 

dt / ds fisWfit{L(t)) = / dtfit{lp)l-lT{4>) - / dtlJ.t{'ll^)flt{4>) 



(30) - - 



Z{dt,dx) / ds 4){x)^s{'^) 

JK.<i Jo 



for any ^, </> S Cj^ 



We can now prove the desired lemma. 

Proof. Assume that ^ S 5*2^, then from Lemma 3.3 we can choose 
{*n;n G N} such that ^n{x,y) = Ylk=ii'^k'^<Pk){x,y), for some {i/jk-k G N}, 
{(pk : A; G N} C C^(]R^), and ^„ converges to ^ in as n — )• oo . It is clear 
from (30) that 



/ dt ds{L2^n,^J■s^^t) = / dt{'^n,^^t^J■T) - / dt{^n,^J't^J't) 

Jo Jo Jo Jo 

-If Z{dt,dy) [ ds{^ni-,y),f^s)- 
Jo Jr'^ Jo 
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From Corollary C.l 



E 



Jo 

= [ dt [ (isE((^'„-*„)® -^'„),/Zt//T/^,/iT) 

Jo Jo 



<C{T)\\^n-^m\\lo 



and 



E 



= [ dt [ dsE{{^n-'^m)^i'^n-'^m),f^tl^tl^sl^s) 

Jo Jo 

<C{T)\\^n-^m\\l, 

since converges in 5^ to lim„_5.oo ||^'n — ^||oo and both of the above 
two terms are convergent. 

For any t,s>0, since /i. € Cj^/^^j^d) [0, oo), and — > ^' uniformly, {"^n, 
figfJ't) i"^, f^t-sfJ-t) a.s. Since the limit must agree with the a.s. limit, 

- lim„^oo(*n,/^s/"t) = (^', /is/it). Thus, - lim„,_^oo Jq dt{^ ^i-tP-r) = 

dt{'l! , ^tt^T) , and - lim„^oo dt{'^n,IJ'tl^t) = Jq dti'i/ , ^tfJ-t) ■ 
Consider next the stochastic integral term and the term involving the 
generator L. From Lemma C.l it follows that 



E 



dt ds{L2'i'n- L2'^m,fJ:sfJ't) 

Jo Jo 



<C{T) \\d2AA-^n--^m)\\oo\\d2M^n-'fr 



and 



e\ [ [ z{dt,dy) [ ds{^n{■,y)-'^m{■,y),^^s) 
I Jo Jw Jo 

<C{Hi + H2), 
where Hi and H2 satisfy 

Hi= [ dt f dsi [ dS2E{{^n-'i>m){x- Z){^n-^m){y- Z), 

Jo Jo Jo 

fisi{dx)fis2{dy)^it{dz)) 
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<C dt ds2 dsiE((^„,-^^)(x-z)-(^„-^„)(y-z), 
Jo Jo Jo 

fisi{dx)fj.s2idy)fit{dz)) 

and 

d r-T j-t j-t 
H2=y2 dt ds2 dSlK{^^{'^n-'^m)^^j{'^n-'^m),|^SlP^t|^S2l^t) 

ij=iJo Jo Jo 

<CV dt dS2 dsiK{di{^n-'^m)dj{^n-'^m),f^sifltf^S2f^t)- 

ij=iJo Jo Jo 

Thus, 

Hi + H2<CiT)\\^n-'^m\\lo 
d 

+ C{T) \\d2A'^n-'fm)\U\d2,i^n-'fm)\\oo. 

Lemma 3.3 implies ^„ converges in the Schwartz space S2xd, and thus 
{d2i^n : n G N} and {82^82^ ^'n : n G N}, for alH, j = 1, 2, . . . , d, are uniformly 
Cauchy sequences. 

For any t,s > 0, since G Cj^^(^^d^[0, 00), and D°"^n D°"if uniformly 

for any multiindex a, {D°''^n, l^'s/J^t) — ^ {D°''^ , iXsl^'t) a.s. Since the limit 
must agree with the a.s. limit, — lim„^oo(-C''^'I'„, /i^/ij) = (D°^,^s/Uj), 

and so - lim.„^oo dt ds(L2^n, ^s^t) = dt J^^ ds{L2'^ , I-IsI-h) ■ 

Finally, {J^ J Z{dt,dy) /Qds(('I'„ - ^jn){x,y), ^J.s{dx))} is a Cauchy se- 
quence in L^. Now, for each y G M*^, and t G [0,T], is Cauchy 
in L^, and so there exists an a.s convergent subsequence nk{- , y) , t^t) ■ 
Since fit is almost surely finite and — > ^ uniformly, (^'nj, (•, y), ^t) — )■ 
(^'(•, y), /ij) a.s. as A;— >-cx). Furthermore, both y), /xj) and {"^ {■ , y) , fit) 
are uniformly continuous in y G M'^ and t G [0,T], and so 

lim / / Z{dt,dy) [ ds n^i', v), f^s) 

k^ooJo J^d Jo 

/ Z{dt,dy) / ds{^{-,y),fis) a.s. 
Since the limit must agree with the a.s. limit, 

hm / / Z{dt,dy) [ ds{^ni-,y),f^s) 
■^^°°Jo Jr'^ Jo 

Z{dt,dy) [ ds{^{-,y),fis). p 
JR'^ Jo 
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APPENDIX F: PROOF OF THEOREM 4.3 

Let {Ge} C C°°(M'^) be any sequence such that Gg and diGe converg 
respectively, in to G^'" and diG^'^, and for £1,62 > 0, x € M'^, define 

4>ei,e2{x) = Ge^x) - Ge^ix). 

Then for the two nonstochastic integral terms, it is clear that 



E 



T rt 



(32) 



Jo 

<G dtE / ds{(j)e-,,£2,fJ'sfJ't) 
Jo Uo 

= G dt dsi ds2E{(j)e-,,s2'^4>eue2^fJ'sifJ'tfJ'SifJ't) 

Jo Jo Jo 

f-T rta /•t2 

<G dts dt-2 / dtiK{ipej^^g2,ntiiJ.t2l^t3lJ't3) 
Jo Jo Jo 



and 



(33) 



r rT 



E 



dt{(f)ei,e2^fJ-tfJ-T) 



= dti dt2'K{(f)si,e2, fJ'tifJ-TfJ-t2fJ'T) 

Jo Jo 

rT i-t2 

<C dt2 dtiE{ipsi,e2,fJ-tifJ-t2fJ'TfJ'T), 

Jo Jo 



where (pei^e2i^liX2,X3,X4^) = <j)s-,,s2ixi - X3)<l)ei,e2ix2 -2:4). 

For the stochastic integral term, we have 



E 



T 



Z{dt,dy) ds{(j)e, , e2i- -y)^f^s) 
Jw^ Jo 



(34) 



^ lo ^ 



dsi 



^e\,£2\ 



ds{(j)i 



£1,£2\ )l 







rT i-tj, /•t2 
<C dts dt2 / dti 
Jo Jo Jo 



+ Yl ^i'Pele2^f^hfJ't2lJ'hfJ't3) 
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where 

for each p,q = 1,2, ... ,d, and (xi, X2, X3, 2:4) € M^^"^, and 

<^ei,e2 {XUX2,X^) = ip^^^^^ (xi, X2, X3, X3), 

for each {xx,X2,xz) SM^'''^. Thus, from (32), (33), (34) and Lemma 3.10, it 
follows that 



and 



E 



E 



T 



dt / /is/it) 
Jo 



<C{T)U, 



ei,£2 111' 



E 



dt{<l)ei,e2^fJ'tfJ'T) 



<CiT)Ue, 



||2 

,£2111 



T 

Jr"^ 



Z{dt,dy) f ds £2 (• -y)'A*s) 
JO 



<C(T)||,/.,,,,2ll?+Cm E l|5p</'£„£2l|l||9,</'£„£2l|l- 

p,g=l 

Since and diGe converge, respectively, to G^'"" and diG^'^ in L^, i = 
l,...,d,we have that limej^ej^o ll'/'£i,£2 111 =0 and lim^-^^sj^o llc^i^ei.ea 111 = 0- 
Since the choice of the {Gs} is arbitrary, it may be assumed that G^ = Ge'" 
for each e > 0, and the result follows. 
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